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„2¿1…-dimensional stochastic growth model and its application to some experimental observation
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A (211)-dimensional stochastic growth model is proposed in order to understand various experimental
observations at low temperature growth. The model includes step attached adatom hopping in the upward
direction to provide a source of additional particle current. The flexibility obtained due to additional current
control allows one to express most of the experimental observations within the framework of this model. It is
argued that the time evolution exponentb for surface roughness is.0.5 only if upward hops are included.
Simulations using this model are shown to be qualitatively consistent with the observations for homoepitaxial
growth on Cu~100! and Ge~100! at different temperatures.
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Epitaxial growth of films from vapor has been studi
keenly over the years due to technological need and app
tions. Such growth is carried out mostly under conditions
removed from equilibrium. A variety of surface morphol
gies appears during the growth@1#. In particular, the growth
of a moundlike structure on singular surfaces, referred to
growth instability, is one of the common modes into which
growing interface evolves. It has been studied experim
tally @2–6#, theoretically@7–11#, and simulationally@12–15#
over the past few years, with only partial success in und
standing the phenomenon. The time evolution of mound
characterized by two exponentsb and n, where the height
grows as;tb and the base as;tn @11#. Experimentallyb is
observed to vary in the range of 0.16@4# to about 0.8@2,5#.
Most theories and simulations for low temperature grow
predictedb<0.5. In the present paper it is argued that the
ries and simulations allowing only in-plane hops and ho
from upper to lower terraces~downward!, predict b<0.5.
Higher values ofb are possibleonly when hops from lower
to upper terraces ~upward! are allowed. In a
(111)-dimensional model@16#, on the vicinal surface a
transient increase inb.0.5 was reported. However, th
asymptotic value ofb is 0.5. This increase inb is related to
a morphological transition from a stable structure to an
stable~grooved! structure@16#. Results of our model show
that the asymptotic value ofb can be.0.5 if upward hops
are included. A cellular automata type model@12# is used in
support of this argument. Although simulation results c
qualitatively describe any experimental growth, we ha
chosen Cu~100! and Ge~100! growth results@2,3# for com-
parison. First we argue, assuming solid-on-solid~SOS! ran-
dom growth under deposition noise as a reference, to s
how different types of hops affect the width and henceb.
Another argument, based on an analysis of the asymp
current forms suitable for different types of hops, witho
noise, essentially leads to the same conclusions.

Consider a (111)-dimensional growing surface with a
average heighth̄. The width at timet is measured asw2

5(1/N)( i(hi2h̄)2. Let an atom hop from sitei to i 11. The
resultant width w285(1/N)( j8(hj2h̄)21(hi212h̄)2

1(hi 11112h̄)2, where the primed sum indicates the exc
sion of i th and i 11th terms from the summation. It can b
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seen that for downward hopsw28,w2, for in-plane hopsw28
5w2, and for upward hopsw28.w2. The decrease~increase!
in the width, due exclusively to downward~upward! hops at
any given time, is proportional tôhi 112hi&, which is .0
for upward hops and,0 for downward hops. Thus chang
due to hopsdw2;6^uhi 112hi u&, where the plus sign is for
upward hops and the minus sign is for downward hops. T
change is superimposed on the fluctuations developed du
the noise in the deposition. As long as the correlations
veloped are weak,̂uhi 112hi u&;t1/2. This will causeb to
deviate from its value for random deposition. Hence we c
clude that for downward~upward! hops, the exponentb
must be<0.5 (>0.5). For in-plane hops, the width chang
only under deposition noise; thusb50.5 in any dimension.
Next we consider an analysis of current forms, represen
currents due to different types of hops.

From the nature of the hops, it is clear that on an inclin
substrate@17#, downward hops produce a current in a dire
tion opposite to that of the height gradient~downhill!, while
in-plane and upward hops produce a current in the direc
of the gradient~uphill!. Thus the total current isj5 jd1 j i
1 ju , with d, i, and u the suffixes for downward, in-plane
and upward hop contributions. Consider the case whenju
50 andj i. jd . In-plane hops generatingj i can be due to the
step Ehrlich-Schwoebel barrier~SESB! @18# or due to the
kink Ehrlich-Schowoebel barrier@19#. The in-plane hopping
contribution is directly proportional to the avarage terra
width. Hence a suitable form that describesj i asymptotically
is j i;(m/m2)2(1/m3)“(m) where m is local slope@10#.
The first term represents an average terrace width, and t
to zero asm increases. The second term arises due to
relative terrace width fluctuations, and is a stabilizing term
can be shown, using the method described in Ref.@11#, that
for the above formb50.5 in all dimensions. In fact, for a
surface relaxation of the formDnm, with n>2, b50.5 in all
dimensions@11#. This shows that whenj i dominates the
growth, b50.5 asymptotically. Lower values ofb are pos-
sible with slope selection@9,20#.

Now considerju. jd1 j i . We modelju as being due to the
step attached adatoms that hop on the upper terrace o
same step.ju depends on the average number of step ed
that saturates for largem. Thus ju→ a nonzero constant, fo
©2001 The American Physical Society01-1
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large m. A suitable form in this limit is j u;m/umu. It is
shown that for surface relaxation of the formDnm, with n
.1, b.0.5 @11#. Thus the above arguments show thatb can
be greater than 0.5 only when upward hops dominate.

In the following a cellular automata type SOS model@12#
is described that incorporates all three types of hops. Th
types of models are relatively efficient for computation
purposes, compared to molecular dynamical or kine
Monte Carlo like simulations. Various microscopic proces
can be included in such models, and their effects on stat
cal properties can be examined. The condition of deta
balance is not satisfied in this model unless extra rules
hopping are invoked. Atoms are rained down randomly o
square lattice. Leth( i , j ) be the height at site (i , j ), while
h( i 8, j 8) at (i 8, j 8) is a nearest neighbor~NN! site. The ada-
tom relaxes instantly ifNn the number of NN’s is zero or 1
If Nn50 ~isolated adatom!, the adatom can relax by hoppin
to any of the four NN sites. For a downward hop@h( i , j )
.h( i 8, j 8)#, we associate a weightp1, while for the in-plane
hop @h( i , j )5h( i 8, j 8)# we usep2. Using these weightings
the probabilities for hopping at each of the four sites
determined, and are distributed in an interval from 0 to
The destination site is determined by picking a random nu
ber between 0 and 1. The adatom is allowed up ton number
of such hops. If it encountersNn.1, no further hops are
allowed. If the numbern is exhausted, the adatom stays
the last acquired position. The Ehlrich-Schwoebel lengthl s

5@(p2/p1)21# @10# in the present model. IfNn51 on
deposition ~step-attached adatom!, the adatom can hop
downward @h( i , j ).h( i 8, j 8)# or upward @h( i , j )
,h( i 8, j 8)# with weightings p3 and p4, respectively. In-
plane dissociation and edge diffusion is not allowed. T
parameterspis andn are qualitatively comparable with var
ous rates in the Arrhenius form exp(2E/kT). This allows us
to deduce qualitative effects of temperature on the par
eters, and hence on the growth. In the same spirit we a
only a fractionq of the total encountered deposited step
tached adatoms to relax, and a 12q fraction of the isolated
adatoms to relax. The parameterq accounts for the relative
binding strengths of the step attached and isolated adat
Thus an increase in the temperature is realized qualitati
when up12p2u and up32p4u decrease from previous value
q increases toward 0.5, and hopsn increase. In what follows
we have chosen a set of parameters to produce results
show similarities to the results obtained from the growth
Cu~100! and Ge~100!. Given that the nature of these param
eters is like fitting parameters, a direct comparison with d
ferent kinetic rates on the surfaces of Cu and Ge is not va
However, the similarity between the simulated results a
the experimental observations points to the relative stren
of different types of hops in the growth under compariso

In order to compare with the experimental results, wid
w2 and height- height correlationsG(r ,t) and ^hihj& are
computed, wherew25(1/N)( i(hi2h̄);t2b and G(r ,t)
5(1/N)( r8@h(r1r 8,t)2h(r 8,t)#2. The average mound siz
d is measured as the distance of first peak in^hihj& from the
origin, while A5G1/2(d/2,t) @2#. w2 and A are related as
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A252w2. The ratio A/(d/2) is a measure of the averag
mound angle. The skewnesss5w3 /w2

3/2 is measured, where

w35(1/N)( i(hi2h̄)3 @21#.
Comparison with growth on Cu (100): Experimentally,b

is measured during the growth on Cu~100! at two different
temperatures, viz. 160 and 200 K, using the reflection h
energy electron diffraction technique@3#. Measured values o
b are 0.26 and 0.56 at 160 and 200 K, respectively, ove
growth of 200 monolayers~ML !. Figure 1~a! shows plots of
w2 vs t for two sets of parameters used to simulate
growth at different temperatures. Note that changes in
parameter values are consistent with changes in the ‘‘t
perature,’’ as discussed earlier. The lower curve represen
roughness evolution at lower temperature, with ab value of
0.2360.03. The upper curve is for a higher temperature w
a slowly increasing slope. Theb value of 0.4660.4 is ob-
tained in a thickness range from 50 to 400 ML. Note th
there is a downward bias for isolated adatoms and an upw
bias for step attached adatoms. Figure 1~b! is the A/(d/2)
plot for the same set of parameters.A/(d/2) increases with
thickness for higher temperature, and is almost constant o
three orders of thickness, indicating a slope selection

FIG. 1. ~a! Plot of w2 vs thickness forp150.02, p251.0, p3

52.0, p451.0, q50.2, and n54, ~open circles!, and for p1

50.04, p251.0, p352.0, p451.2, q50.4, and n55 ~open
squares!. The upper curve is for higher temperature, while the low
one is for lower temperature. The substrate size used isL5200.~b!
Plot of A/(d/2) vs thickness for the set of parameters used in~a!.
Open circles are for lower temperature, and open squares ar
higher temperature.
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BRIEF REPORTS PHYSICAL REVIEW E 63 062601
lower temperatures. The average slope is'11°. By control-
ling the downward bias for isolated adatoms, the upward b
for step attached adatoms, andn, slope selective growth with
different average slopes is possible. Thus withp150, p2
51.0, q50.25, p352.0, p450.2, andn52, a growth with
b50.1860.02 and an average slope of 13° is obtain
which resembles the growth on the Fe~100! substrate@4#.
Thus a negative SESB provides the necessary downw
current to balance the upward current for slope selection
occur. This may be an additional or substitutional process
funnelling.

Figures 2~a! and 2~b! show the contour plots for highe
and lower temperatures. As expected, the low tempera
growth forms wider and shorter mounds compared to
higher temperature ones growth.

Comparison with growth onGe(100): In this experiment
@2#, atomic force microscopy is used to study the surfa
morphology. Height-height correlation functions are o
tained at different temperatures to deduce the amplitudA
and based as described earlier. For the sake of comparis
we consider results at 155° and 100 °C. At 155 °C,A varies
from 0.18 to 1.8 nm over a range of 5–200-nm thickness.
100 °C, the variation is almost parallel but of higher mag
tude. The slope in the range from 25–200 nm is close to

FIG. 2. ~a! Morphology at lower temperature over a 1003100
region corresponding to the growth in Fig. 1. The number of lay
grown is 10000 ML. The outermost contour is at 10002 ML, and
incremented in units of 2 ML.~b! Morphology at higher tempera
ture. The number of layers grown is 2000 ML. The outermost c
tour is at 2005 ML, and is incremented in units of 5 ML.
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while in the lower thickness range it is around 0.4. If t
diffusion of isolated adatoms with positive SESB’s is t
only means of relaxation, thenb<0.5. Thus simulations in-
volving only this relaxation process are limited in explainin
these observations. In Fig. 3,w2 is plotted as a function of
thickness for two sets of parameters. The expected qua
tive behavior is clearly seen. The slopes are 0.460.03 and
0.6960.05 in thickness ranges of 35–175 and 175–750 M
respectively, at higher temperature. The equivalent rang
monolayers is obtained by using the lattice constant for
5.65 Å, and noting that there are four layers within the l
tice unit along the~100! direction. At lower temperature in
the same range of thickness, these values are 0.45 and
In this case a value ofn as high as 80 is required to keep th
value of A reasonably low, as observed in the experime
However, the experimental values of the mound based are
much larger than the ones obtained from the simulation. V
ues as high as 50 nm are obtained in the experimen
155 °C, while the value is only 35 units~4.97 nm! from the
simulation. The larged is indicative of large terrace diffusion
as well as a low SESB@2#. It is possible to obtain a larged
by tuning the parameters accordingly; however, the subst
size becomes too large to perform the simulation under s
conditions.

Figure 4 shows the plot ofA/(d/2) for the two sets of
parameters compared with 100 and 155 °C growth. Initia
the ratio is constant, implying a slope-selection-like proce
It increases later as observed in the experiment@2#. Finally,
Fig. 5 shows the morphology of the surface grown after 10
ML, corresponding to the higher temperature growth para
eters. Low angled mounds are visible, along with the p
formed around them.

It is observed that in all cases whered tends to saturate,s
is negative, and keeps decreasing. The pits formed an
the growth of the mound in that direction. Thus mou

s
s

-

FIG. 3. Plot ofw2 vs thickness forp150.1, p251.0, p350.5,
p451.0, q50.3, andn580 ~open squares, high temperature!, and
for p150.07, p251.0, p350.4, p451.0, q50.2, andn550 ~solid
squares, low temperature!. L5200 in both cases. Points plotte
with larger symbols are from the experimental measurements ta
from Ref. @2#. The thicknesses are converted to ML units, and lo
ermost values ofA2/2 are matched with simulation values ofw2 on
the thickness axis. Other values are scaled accordingly. O
circles are values at 155 °C, while solid circles are at 100 °C.
1-3
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BRIEF REPORTS PHYSICAL REVIEW E 63 062601
coarsening almost ceases when the pits completely defin
boundary of the mounds. The depth of the pits grows w
the thickness, causing a decrease in the value ofs. In the
limit of large thickness,s tends to saturate. When slop
selection occurs, the kinetics is such that the pits are
permanently anchored on the substrate. Hence the mo
coarsening continues. However, even in the limit of lar
thickness, the pits remain on the surface, leading to nega
s. These pits are ‘‘angular points’’ described in Ref.@10# for
111-dimensions.

FIG. 4. Plot ofA/(d/2) vs thickness for the parameters used
producing results in Fig. 3. The symbols used to plot the curve
both, this figure and previous figures correspond to the same s
parameters.
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In conclusion, the time evolution exponentb for mounds
is related to the type of hops involved in the relaxation
deposited atoms. Upward hops are necessary to obtab
.0.5. A simple model incorporating these hops confirms t
assertion. The model presented above is versatile in the s
that it can be adapted to describe the growth morphology
different materials. In most cases the surface is character
by pits. The dynamics of pits decide the course of the mou
coarsening.

r
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FIG. 5. Morphology of the surface after a growth of 1000 M
for the high temperature growth parameters used in Fig. 3. Note
pits on the surface. The high sloping walls around the pits
visible near the edges.
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